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Abstract. Thetheoryofrealsmoothsupermanifoldsin theBerezinapproachis not
well adaptedto therequirementsof quantizationsincehermitianconjugation, which
is theclassicallimit of takingoperatoradjointin quantizedtheories,isnotcompatible
with thesign rule of Z2 -graded algebra. In this paper, wegivethe modifications
ofthetheorynecessaryto reconcileit with hermitian conjugation. Inparticular, we
introducea secondsign rule, andweshowhowto modifytheusualdefinitionof su-
perinanifolds,gettinghermitiansupermanifolds.Almostall theoremsof usualsuper
differentialgeometrytogetherwith theirproofscarryoverto thenew,herniitian set-
ting. We also considercomplexsupermanifoldsandhermitianmetricson complex
vectorbundles.

1. INTRODUCTION

1.1. Z2-gradedalgebraversusquantummechanics

The theoryof realsmoothsupermanifoldsin theBerezinapproach(cf. in particular

[2], [6], [7], [8], [9], [10], [11], [12])hasbeendevelopedby theguidingprincipleof max-
imal analogywith ordinarydifferential geometry.However, it turns out that this princi-
plehasled to a theorywhich while beingmathematicallyaestheticis not well adapted

to the requirementsof quantization. In fact, I want to showthat we needa somewhat
modifiednotionof supermanifoldsboth for modellingclassicalconfigurationspacesof
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quantumfield theory.
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fermionic degreesof freedom(cf. [13]) and for superspace-timeof supersymmetric

theoriesformulatedin superfields.
The sourceof the trouble is an apparentcontradictionbetweentheniles of Z2—

gradedalgebraandthat of quantummechanics:if H is the Hubert(or, may be,Krein)
statespaceofaquantizedsystemthenit is thedirectsumof thesubspaceH0 of bosonic

stateswith thesubspaceH1 of fermionicones.In fact, if the systemhas SL(2, CE) as

symmetrygroup (asquantumfield theorydoes) then H0, H1 arethe eigenspacesof
3600 rotation(theaxisof rotationdoesnotmatter). Now thefamiliar rule

(1.1.1) (u,v)=(v,u)

is a flagrant violation of the signrule of Z2 -graded algebra- at leastif this rule is

appliedoverthegroundfield R : in this case,a factor (_ I) Itilivi ononeside would be
required.

This violationhasconsequences:if A,B : H —, H areboundedoperatorsthen

(1.1.2) A*BS = (BA)*

which againviolatesthesignrule!
This looks like a fauxpas in themathematicaldescriptionof nature. However, the

descriptionof freefield theory in Fock spaceis nowadaystoo well establishedto be
reasonablyquestioned.Sowehaveto reconcileour theorywith therules(1.1.1), (1.1.2).
Indeed,this canbe donein a rathersatisfactoryway, by modifyingand augmentingthe
signrule in sucha waythat (1.1.1),(1.1.2)arein perfectaccordancewith it. It turnsout

that thenewrules(see2.1 below)havethesameconsistencyasthe old rule.

1.2. Hermitianconjugationin supergeometry

Supposethat X is a smoothsupermanifold(in theusualsense)thecomplex-valued
superfunctionsf E Ox ® CE of which describetheclassicalobservablesof a system

(e.g. a la [3]). The classicalpictureshouldariseby passingto the limit h —~ 0 ; and,
in the limit, theoperationA —~ A on theoperatorsof thequantumsystemshouldgive
riseto a skew-linearinvolutivemap

(1.2.1) —:O~®CE--~O~®CE

whichbecauseof (1.1.2)hasto satisfytherule

(1.2.2)

Wecall (1.2.1)thehermitianconjugation.Underquantization,the — -invariantelements

of O~® CE shouldcorrespondto self-adjoint(or, at least,symmetric)operators,i. e.
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to genuineobservables.Notethat theseelementsdo not form asubalgebra:Indeed,the
productof two odd <<real>>(=invariant) elementsis <<imaginary>>, i. e. it changessign
under —. Foramathematician,this maybepsychologicallyhardto accept,butphysics
requiresit: indeed,if two self-adjointboundedoperatorsin Hubertspaceanticommute

thentheir productis antiselfadjoint.Like anticommutativityof classicalfermionfields

(cf. [13]),therule(1.2.2)hasalwaysbeenknownandusedby physicists,andit hasbeen
widely ignoredby mathematicians.

Forthereaderwho is willing to acceptthethesisof thepresentauthorthat thecon-
figuration spaceof a classicalfield theorywith fermionsshouldbeviewedas infinite-

dimensionalsupermanifold(cf. [131),here is an impressiveexamplesupportingthe
aboveassertion:letuscopythestandardenergy-momentumtensorfora spin 1/2 Dirac

field ~ from (say)the text-book[4], §5.2:

TPV= ~ —

Both TPV andthestandardfree field LagrangianL = — m~çbare realwith respect

to hermitianconjugationwhile if conjugatingthemwith keepingtheorderof termsboth

expressionswould beimaginary.

13. Why hermitiansupergeometry?

The <<obvious>>conjugationon O~® CE (i.e. that whichleavesO~invariant)does
notsatisfy(1.2.2).Onecouldtry todefineahermitiansupermanifoldas asupermanifold
equippedwith amap(1.2.1)which satisfies(1.2.2).However,thedistinctionof O~as
subalgebraof O~® CE doesnotmakeany physicalsense,and thereforeit shouldnot

occurin themathematicaltheory.

Nowit isnothardto provethatforanyskew-linearinvolutiveevenmap(1.2.1)which
satisfies(1.2.2), thereexistsatleastlocally an isomorphism

(C~isthesheafof complex-valuedsmoothfunctionsontheunderlyingmanifold X)
suchthat — actsby

(1.3.1) ~ f,~(z)~~—‘ ~( ~

Theseobservationssuggestto modify theusualdefinitionof supermanifolds,with in-
corporating(1.3.1) into the local model. Actually, this modification is evennecessary
in view of themorphismsto be allowed. Let us look at a toy model (cf. also 3.6 for

thephysically interestingsupersymmetrygroup wherethesituationis completelyanal-
ogous):
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If thelinearsupermanifoldX = L( 112) hascoordinates(x~,~l) whichweassume

to be <<real>>(i.e. invariantunder — ) thene.g.

q~*(x)z+~ 4~t(~~)~e~*()

defines in the usual theoryof supermanifolds(which we henceforthcall traditional,

to distinguishit from the hermitiantheory to be developedin this paper)anautomor-
phism ~ ; X —+ X. However, for a physicist, this statementis unacceptablesince

= x+~= z—~thus4*(x) isnot<<real>>although z is! Ontheotherhand,

thesettingqSt( x) = x + i~ isphysicallyacceptablebutnot implementablein thetradi-
tionaltheoryof smoothsmf’s.This forcestomodifythelatter. Fortunatelyenough,these
modificationscanbemadein a rathersystematicway, andit is obviousin manycases
whatto do; also,almostall theoremsof thetraditionaltheoryyield correspondingtheo-

remsin thehermitiansetting,with theproofscarryingoverwithoutdifficulty. Therefore,

afterdevelopinghermitian Z
2 -graded algebrain detail,wecanrestrictourselvesonto

a short accountof the specific featuresof finite-dimensionalhermitiansupergeometry.
In [15], [16], the infinite-dimensionalcaseis treated.

It is interestingto notethat amongthe peoplewho workedon supercalculusques-
tions,DeWitt wasoneof theveryfew who did not walk into thetrapof <<mathematical

simplicity>>concerningrealstructures:althoughinhisbook [5] hedoesnot formulatethe
secondsignrule (cf. 2.1below), heactuallyworksin thehermitianframeworkinstead
of thetraditionalonefrom thebeginning. In particular,his <<algebraof supernumbers>>

A~is ahermitianalgebra(to bedefinedbelow), andthe<<supervectorspace>>introduced
in [5], 1.4 is the sameas afreehemiitianmoduleoverA~.

2. HERMITIAN Z -GRADED ALGEBRA

2.1. Hermitianvectorspaces,signrules

While traditional Z2 -graded algebra(cf. thesourcesquoted above)makessense

overanygroundfield or ring (eventhe requirementthat 2 be a unit could bedropped),

hermitian Z2 -gradedalgebraisboundtothespecificsituationoverthecomplexnumber
field CE.

Wefirst recall the

Parity rule. the parity of an R-rnultilinear expressionis the sumof theparitiesof

thetermsinvolved in it.
Also, we adoptthesignrule in the following form:

First Sign Rule: wheneverin a CE -multilinear expressionstandingon ther. h. s.

of anequationtwo adjacentterms A,B are interchanged(with respectto theirposition
on the r. h. s.) the sign (—1) AlIBI occurs.We stressthe importanceof the innocently
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looking word <<CE-multiinear>>. The termsin (1.1.1), (1.1.2), (1.2.2)as well as the
hermitianconjugationto beintroducedbeloware skew-linear!

A hermitian vectorspaceis a Z2 -gradedcomplexvectorspaceA equippedwith a
hermitianstructure,i. e. a skew-linearinvolutiveevenmap — : A —* A. Then, setting

AR : {a e A: a = o}
(subspaceof real elements)wehave

A= AReiAR

decompositioninto real andimaginarypart); this is a sumof Z2 -gradedvectorspaces
overR. Wecall theelementsof ARU i AR the elementsofdefinitereality.

CE itself will alwaysbe consideredas hermitianvectorspaceby CE1 := 0, —

usualcomplexconjugation.
Thenewingredientofthetheoryis thesecondsignrulebelow.Forits formulationwe

needsomepreparations:if a11..., a,, arehomogeneouselementsof (maybedifferent)

Z2 -gradedvectorspaceswewill write

(2.1.1) c(a1,. .. ,a,,) := (_l)>1�/<k�~uM’~~I

If A is a Z2 -commutativealgebrathenthisisthesigngeneratedby backwardordering:

a,,...a1 = �(a1,...,a,,)a1 ...a,,

(2.1.1)canberewritten: let N := ~ a1 bethenumberof indices j for which a1

is odd, andset

( ~)N(N~1)/2

Now N(N — 1) = 2 >J1<j<k<0 IaJtIakI + ~~=i(la5I
2— 1a

11) ; since a51 takesthe

values0 and 1 only, thesecondsumvanishes,andthus

�(a1,...,a,,) =

Obviously, CN dependsonly on the residueof N modulo4, and e~= ~ =~ �2 = �3 =

Now wemayformulatethe

SecondSignRuIe if conjugationis appliedto a multilinearexpressionin theterms
a1,.. . , a,, (i.e. if conjugationis resolvedinto termwiseconjugation), theexpression
acquiresthe sign factor �(a1,..., a,,) , in additionto the signfactorsgeneratedby re-
orderingof terms.

Sometimesit makessense(asin (1.2.2)),or it is evenrequired(as in (1.1.1),(1.1.2))
to reorderthe termsbackwards. Then the sign �(a1,..., a~)cancelswith the sign

generatedby the reordering,andthus(1.1.1), (1.1.2),(1.2.2)are in perfectaccordance
withbothsignrules.
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2.2. Hermitianalgebras

A non-associativehennitianalgebrais ahermitianvectorspaceR togetherwith an

evenbilinearcompositionlaw (u,v) F—+ uv suchthat therule (1.2.2)holds. If R is
moreoverassociativeandhasaunit we simply call it ahennitianalgebra

In Manin’s terminology(cf. [9],3.6.1),this isanalgebrawitha realstructureof type

(1,1, 1). Herewearguethat inview ofthe requirementsofphysics,it playsapreferred

role in comparisonto the 2~— I othertypesof realstructuresproposedin [9].
Notethatthe law (1.2.2)complieswith thesignrulesbut is notcanonicallyrequired

by them! Alternatively,onecouldalso require

(2.2.1) ~= e(u,v)ü{

Of course,if R is Z2-commutativethen(2.2.1)and(1.1.2)areequivalent.
If R is a hermitianalgebraand a1,... , a,, E R thenonehasby induction

(2.2.2) ~

(This is also true in thenon-associativecasewherethe 1. h. s. containsbrackets:then

ther. h. s. isto beequippedwithbracketsarrangedmirror-like).

If R is moreoverZ2 -commutativethen(2.2.2)rewritesto

a1.. . a,, = ~(a11... , a,,)~7..

Note that if u,v are realelementsof definite parity in a hermitian Z2 -commutative
algebrathen lilT = �(u,v)uv. Thus uv is real if u or v is even; if bothare odd it is
imaginary(!). Hence, thereal elementsofa heimitianalgebradonotforma subalgebra.

Thus,while ahermitianvectorspaceis inessencejusta <<blown-up>>(i.e. complexified)
real Z2 -gradedvectorspace,a hermitianalgebrais nota complexifiedreal algebra
(unless its odd part vanishes),and thereforewepreferthe term <<hermitianstructure>>

insteadof <<real structure>>.
A homomorphismofhermitianalgebras~: R —~ S is ahomomorphismof algebras

withunit which aslinearmapisbothevenandreal.

2.3. Hermitianmodules

A hennitianmoduleA overa hermitianalgebraR is a Z2 -gradedbimoduleover

thatalgebratogetherwith ahermitianstructureonits underlyingvectorspacesuchthat

(2.3.1)

for u E R, a ~ A. Applyingherehermitianconjugationandsubstitutinga for a and
u for ü , respectively,weget

= au;
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thus,wehaveperfectleft-right symmetry.

If R is Z2 -graded commutative,all left modulesarebimodulesin theusual way,
andthen(2.3.1) rewritesto ii~= �(a,u)flã.

WealsonotethatgivenahermitianalgebraR andahermitianvectorspaceA which

is equippedwith the structureof a right moduleoverthe Z2 -graded algebraR then,

setting ua := ~, A becomesa hermitianmodule.However,if R is Z2-commutative
it mayhappenthat left and right modulestructurearenotconnectedin theusualway.

Thehermitianmodulesovera fixed hermitianalgebraform anadditivecategory,the

morphismsbeingjusttheordinarybimodulehomomorphisms.
Let A,B be hermitianmodules. Then the vector space HomR(A,B) is an

R-bimoduleby (u~)(a) := ucb(a),(çbu)(a) := çb(ua). The secondsignrule sug-
geststo makeHomR(A,B) a hermitianvectorspace:

~(a) = �(~,a)~~5for ~ E Hom(A,B), a E A.

The definitionis correct: if u ~ R then

t~(ua)= e(4’,u)e(~,a)~(au)= c(~,u)r(c/,a)çb(ã)ü

= c(ct’,u)�(~,a)u~(~Y=c(çb,u)u~(a);

i. e. 4 is a homomorphismof left modules.Similarly,

t~(au)= �(a,4’)�(u,~)4(ua)=

= �(a,çb)~(a)u=~(a)u

i. e. ~ is alsoahomomorphismof rightmodules.Thus, — mapsindeedHornR( A,B)
into itself. With similar tediousbut easycalculationsonechecksthat HomR(A,B) is

actuallya hermitianmodule.Fromnow on,weomit theproofsofconsistencyassertions
like theaboveone.

Notethatif 4 : A —~ B isahomomorphismthenKer(~),Im(çb), Coker(çb) will

behermitianmodulesonly in thecasethat 4~’ hasbothdefiniteparity anddefinitereality.
Notealsothatif A isgeneratedoverR by a subsetS of realelements,and ~ is even,

then q~, is realif ~(S) c BR.
Forcompositionsof modulehomomorphisms~ : A —~ B, ~ : B —~ C we find

~b~=�(~~astobeexpected.
Note that HomR(A,A), although being both a hermitian vector spaceand a

Z2 -graded algebra,isnota hermitianalgebra:thecompositionofendomorphismsatis-
fies (2.2.1)insteadof (1.1.2). (However,if SC HomR(A,A) is ahermitiansubspace
which is at thesametime a Z2 -commutativesubalgebrathen S is a hermitiansubal-
gebra).
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Wedeclaretheparityshift H : A —~ HA tobeareal,odd,bijectivehomomorphism.

Thus iT~= (_l)I0Iflã for a ~ A. A formal calculationyields that HH : A —‘

flflA is imaginary. Indeed,onechecksthat themap FIHA —p A, Illla i-~ ia,is an

isomorphism,andbecauseof its functoriality it canbeviewedasidentification.

Let A1,... , A,, behermitianmodulesoverZ2 -commutativehermitianalgebraR,
andlet theconnectionbetweenleft and right modulestructurebe the usualone. Then

wecanturn A1 ®R ... ®~A,, into a hermitianmodule,too:

(2.3.2)

In order to seethat this is correct, theusualuniversalpropertyof thetensorproduct

cannotbe applied,due to the lack of R-multilinearity of ther. h. s. However, con-
structingthe tensorproductby factorizingthefree R-module F generatedby the set

A1 x ... x A,, by theusual relations,it is easyto checkthat the map F —~ F

(a1,...,a,,) ~

leaves the submodule of relations invariant. Therefore, (2.3.2) is well-defined.

Wecall A1 ®R. . . ®~A,, thehennitiantensorproductof A1, ... , A,,.The hermitian
tensorproductis associativeandcommutativein anobvioussense.We also notethat

theevaluationmap A ® Hom(A,B) —~ B is real.

Let R, S behermitianalgebras.Equipping R®S with thehermitiantensorproduct
structureandwith theusual algebrastructure(r ® s)( r’ ® s’) := e(r’, s)rr’ ® ss’ for

r, r’ E R, s,s’ E 5, it becomesahermitianalgebra,too. Let S —, R be a homomor-
phismof hermitianalgebras,and A a hermitian S-module.Then A Ø~R is a right

R-module anda hermitianvectorspace;by the remarksin 2.3, it becomesa hermitian
R-module.Settinghere S := CE, A := CEm10 , onegetsa canonicalhermitianstructure
on

(2.3.3) C~~I”® R =

Let er,... ,em+,, betherealstandardbasein CEmIn . Thenconjugationactsby >~e~u~=

~ ii7e,.. Wecall a hermitian R-m~dule freeofrank mm if it is isomorphicto (2.3.3).
The tensor algebra TRA = ~k>O ®‘~A of a hermitian module over a hermitian

algebra becomes a hermitian algebra again by the setting

(2.3.4) a1®...®a,,=ll®...®~j

for a1,... , a,, E A. (By similar argumentsas above, this is well-defined; here
Z2 -commutativity of R is not necessary.)Note that this is a completelydifferent
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hermitianstructurein comparisonwith that of the hermitiantensorproduct! The lat-
terwould yield a Z2 -graded algebrawhich satisfies(2.2.1). Thus,in contradistinction

to the questionof whethera given compositeexpressionis evenor odd, the question
whetherit is real or imaginaryis not alwayscanonicallyansweredby general,meta-

mathematicalrules.
We alsocall ®k A togetherwith thehermitianstructure(2.3.4) the k-th hermitian

tensorpowerofA. Nowtheideal I C TRA generatedby all elementsab — e(a, b)ba,
with a,b runningthrough A0 U A1 , is stableunderconjugation,andhencethe factor

algebraSRA = TRAIl (symmetricalgebraofA overR) is a hennitianalgebraagain.

It is nothardto showthat SRA is Z2 -commutative.

If S isanyhermitianalgebraover R , anyreal,evenR-linearmap j’ : A —~ S has
auniquecontinuationto ahomomorphismof hermitianalgebrasTRA —+ S. Moreover,
if [~(a),~(a’)] = 0 for all a, a’ E A then thearisinghomomorphismSRA—~ S is
hermitian,too.

If R is a hermitianalgebraand (xJ~)= (x1 ,... , xmlei,... ,~,,) is a sequenceof
evenandodd formalvariablesthenthepolynomialalgebraR[ xJ~]aswell astheformal
powerseriesalgebraR[ z~]] haveunique structuresof hermitianalgebrassuchthat

all x and are real. Explicitely,

~ ~ = ~ �11,14101a~,,Z~,a~,E R.

2.4. Complexstructures

Althougha hermitianvectorspaceis acomplexvectorspaceby definition,it concep-

tually playstheroleof areal Z2 -gradedvectorspace.Theroleof complex Z2 -graded
vectorspacesis takenoverby hermitianvector spacesE equippedwith a complex

structure,i. e. an even,realmap J : B —. B with J
2 = — I (notethatviewing J as

multiplicationwith i would leadto confusion!).Setting PJ~:= Ker(J ~ i) wegeta

decompositioninto mutuallyconjugatedcomplex Z
2 -gradedvectorspaces:

(2.4.1) E=E~EDE, E=E~.

Conversely,givensuchadecomposition(2.4.1)of ahermitianvectorspace,it determines
a complexstructureon E in anobviousway.

Of course,if R is a hermitian algebra, a complex structure on a hermitian R-module
A is a complex structure J on the underlying hermitian vector space of A which is
R-linear. This is equivalent with saying that A÷,A are (non-hermitian) R-submodu-
les.
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In thefollowing, let R bea Z2 -commutativehermitianalgebra.The k-th symmet-

ric powerSkA:= S~Aof a freehermitian R-module withcomplexstructureinherits
a twedecomposition:Setting

S~~A:= S’A~® S’A

for i,J � 0 ,wehave

SkA= S~’A.
i+j—k

Notethatthe S’~Aarenon-hermitianR-modules.Onehas S~JA= S”A for all i,j.
Let A,B be R-moduleswhich are equippedwith complexstructures.Weset

(2.4.2) A®RJB:=A+ØB+~A®B

(complextensorproduct)

HomRJ(A,B) : = Hom(A~,B~)~Hom(A,Bj
(2.4.3)

= {4IEH0mR(A,B) : ~~A= f~~}

(complexHom),

(2.4.4) S~JA:= Sk,OA ~ S
0’~A

(complexsymmetricpowei~.All threemodules(2.4.2), (2.4.3), (2.4.4)carryobvious

structuresof hermitianR-moduleswith complexstructures.Forthemotivationof these

settings,cf. 4.2. Note also that thedual A = A ~ A~carriesa complexstructure,
too.

Now let V be a complex Z
2 -graded vectorspace(without hermitianstructure).

As usual,wedenoteby V thecomplexconjugatedspace: it consistsof all symbols I)
with v runningthrough V; parity andmodulestructurearefixed by requiringthat the
bijection V —‘ V,v i—~ I) , beskew-linearandeven.

Now if V as abovethen V~ V is ahermitianvectorspacewhich is equippedwith
acomplexstructure;theactionof — issuggestedby thenotations:~ i—. 12+ v , and

V=(VEBV)~,V=(V~VL;
If R is a hermitianalgebra,and B,. is an R-module (withouthermitianstructure)

then,setting E := ~ and B := B4 ~ E, E becomesa hemiitian B-module with
complexstructure.It follows that theassignmentE —~ E~establishesanequivalence

between
(a) thecategoryof hermitianB-moduleswithcomplexstructure;themorphismsare

thereal B-homomorphismswhichcommutewith thecomplexstructure,and
(b) thecategoryof B-modules(withouthermitianstructure).
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2.5. SuperHilbert space

In essence,asuperHilbert spaceis anordinaryHilbert spacewith afixed decomposi-

tion into two closedsubspaces.However, inorderto adaptthisto thehermitiancalculus,
wereformulatethis:

A superHilbertspaceisacomplex Z2 -gradedvectorspaceH = H0 ~ H1 together
with a CE -bilinearpairing

HxH—3CE, (a,b)~.—~(~lb)

suchthat
(i)

(2.5.1) (a~b)=(bla) for a,bEH,

(ii) (ala)>0 for aEH,a~0,
(iii) H is completewith respectto the topologydefinedby thenorm a ~ hal!

(ala)
1!2

REMARKS . (1) Obviously,(2.5.1)complieswith thesignrule.

(2) We follow theconventionof physical literature: The scalarproduct (a, b) i—i

(aIb) is CE -linear in the secondargument.The notationintroducedhere is somewhat
unusualbut (asI hope)suggestiveand helpful in avoidingconfusion.

(3) The hermitianvectorspacewith complexstructureH’ := H ~ H (cf. 2.4)
carriesmoreovertwo bilinearforms

(.,.)±: H’ x H’ —~ CE,

(a+b,c+d)~:=(b,c)±�(d,a)(d,a)

While (.,.).,. is Z
2-symmetric, (.,.)_ is 72-altemating.Note the identity (J(a +

= _(a+b,c+d)±.Also,ifweview (,•)± aslinearmapsH’®H’ —~ CE,
theleft-handsidebeingequippedwith thetensorproducthermitianstructure,then (., .),.

is realwhile (., .) is imaginary.
(4) It is no incidence that the whole structure strongly resembles that of the complex

tangentbundleof a Kählermanifold (cf. also4.3 — 4.6). Theapparentantiunitarityof
J looks strange,but it is only due to our wayof writing the pairing (., .)~ (indeed,

introducingtemporarilythenotation {a + b, c+ : (a + b, c+ d)±, which is closer

to classical trealment, we find unitarity: {J(a + b),J(c+ d)}±= {a + b, c +

Nowlet D C H be a denseZ2 -gradedlinearsubspaceof a super Hilbert space,
anddenoteby Op(H, D) the linear space of all linear maps A : D —+ D the adjoint
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of whichmaps D intoitself, too. It is well knownthatany suchA is closable,andthat

Op(H) := Op(H, H) isjust thesetof boundedoperatorsin H.

Obviously, Op(H,D) is analgebraundercomposition.Moreover,takingtheusual

operatoradjoint A i—s A5,

(2.5.2) (~i~Iv)= (iiIAv) for U, V E D,

ashermitianconjugation,Op(H, D) becomesahermitianalgebra.Obviously, (2.5.2)
complieswith thesignrules.

2.6. BracketsandLie superalgebras

The bracket(commutator)in a hermitiansuperalgebraR is definedasusual:

(2.6.1) [u,v] :=uv—e(u,v)vu.

Onehastheidentity

(2.6.2) [u,v] = [i),ü] = —�(u,v)[fl,{’]

Thus,we definein accordancewith 2.2 a hermitianLie superalgebrag asa complex

Lie superalgebratogetherwith a hermitianstructuresuchthatthe identity (2.6.2)holds.
It follows that anyassociativehermitianalgebra B if equippedwith thebracket(2.6.1)
becomesahermitianLie superalgebra.In particular,this appliesto Op(H, D) where

H isa superHilbert space.
Of course,a homomorphism(aliasrepresentation)of hermitianLie superalgebras

is just a a homomorphismof Lie superalgebraswhich as linearmap is real (that is, it
commuteswith conjugation). Thus, if g —‘ Op(H, D) is a representationof a her-

mitianLie superalgebrain superHilbert space H realelementswill passto symmetric
operators.

Note that in any hermitianLie superalgebra,the bracketofreal evenelementsis

purelyimaginary.Underarepresentation~ --s Op(H, D) , this correspondsto thefact
thatthattheusualcommutatorof symmetricoperatorsin Hubertspaceis antisymmetric.

We also note that if g is a realLie algebra,and if g ® CE is equippedwith the

complexifiedbracketand thathermitianconjugationwhich makes g thesubspaceof

imaginary(!) elementsthen g Ct will bea hermitianLie superalgebra.
Let g be a hermitianLie superalgebra.Onefinds ad~= ad~,for a E g . Thus,

ad : ~ —, End(g) is aneven, imaginarylinearmap. Onecan also definea <<skew
Killingfonn>> (a,b) i—s B(a,b) : Str(ad,,ad~,). Then B(b,ö) = B(a,b) ,andthus
we getclassicallyhermitianformsbothon 0 and ~

Let B be a Z
2-commutativehermitianalgebra,andlet A, B be freehermitian

B-modules with bases (e1)11 rn-sn’ (f))j-l r+s’ respectively. To any homomor-
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phism qS : A —, B we can assign thematrix (qS,,) givenby 4(e~)= ~ f~çb,,.One

calculates

= f(l)IfJK1_Ie.I)~, for~çb~= 0,

‘~ 1~(—1) e,I(1_If,I) ~ for l~l = 1

Thus, ~ is is real iff its matrix has the block structure (.~~)for even

(~~‘) for odd ~, respectively;here A,B, C, D, A’, B’, C’, D’ haverealen-

tries.
Fromthis, it immediatelyfollows that thesupertraccStr( j) of anyreal B-module

endomorphism~ is real,andthat the even homomorphism Str : End (A) —-s B is real.
Also, if ~ is even,real, andinvertible then its BerezinianBer(4) ~ J?0 is real.

REMARK. (1) Almostcertainly,there exist more consistency properties of the sign rules
(whichare,like thesignrules itself, of metamathematical nature) than I was able to check

andlist up here.Up to now,no case of serious inconsistency has been observed.
(2) Oneshouldalsokeepinmind thatthesignrulesareof metamathematical nature;

they are useful in finding and memorizingthe right definition and results, but not in

<<proving>>anything.Forinstance,if wehadchoosenin 2.5 themathematics’convention
(i.e. thescalarproductis Ct-linear in the first argument) the sign rules would suggest
anotherhermitianstructureon Op( H, D) : Awr~= (_ 1) IAIA.

3. HERMITIAN SUPERMANIFOLDS

3.1. Hermitiansuperdomains

In thefollowing, a hermitianringedspace(X, C)) consistsof a Hausdorffparacom-

pact topological space space (X) and a sheaf of hermitian algebras (3 on it.
Ahennitiansuperdomainis a hermitian ringed space of the form

(3.1.1) (U,C~[e1,...

with hermitian structure given by (1.3.1). The sequence (z1,... , x~j~, ... , c,,) of

elementsof
0R will be referredto as standardcoordinatesystem.Now

°R,0 = { ~ F,~(x)~+ i > F~(x)~’},
IPiEO (4) li.~lE2(4)

0R,I = { > ~ + i ~ F,~(z)~’}
~ (4) lpl~~(4)

with F~(x)being real-valued smooth functions.
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3.2. Hermitiansupermanifolds

A hennitiansupermanifold(hermitian smf) X is a hermitianringedspacewhich
is locally isomorphicto ahermitiansuperdomain.The following assertionscarry over
togetherwith theirproofs from thetraditionalsituation:

(i) Onecanview any smoothmanifold Y, dim Y =: m, ashermitiansupermani-

fold of dimensionmb , thestructuresheafbeingC~°withcomplexconjugation.It is
easyto showthatthis makesthecategoryof smoothmanifoldsa full subcategoryof the

categoryof hermitiansupermanifolds.

Ontheotherhand,if X is anyhermitiansupermanifoldthentheunderlyingspace
hasauniquestructureof asmoothmanifoldsuchthat all localisomorphismsto hermitian
superdomainshavesmoothunderlyingmaps.Moreover,thereis a uniquemorphismof

hermitianalgebrasheaves

/3:0-s C~°.

~3is surjectivealsoon global sections,andits kernelis thesheaf ~1 of nilpotentsof

0. /3 commuteswith morphisms,and it givesriseto an embeddingof ringedspaces
X-.X.

Notethatonecouldsubstitutereal-analyticforsmoothfunctionsalmostthroughout,
gettinganalytichermitiansupermanifolds.Ontheotherhand,therelationof hermitian

smf’sto complex-analyticsmf’sis somewhatmoresubtleandwill be discussedin 4.

3.3. Morphisms

Let U beahermitiansuperdomainwith standardcoordinates(zl~), and let Y be
anyhermitiansmf.

LEMMA. Givena sequence(z~j~5)ofevenand oddelementsof (3(Y) suchthat

(3.3.1) /3(z5)(p)E U for all p E Y,

thereisa uniquemorphismofringedspacesq~: Y —s U suchthat Cr5l~~)= ~ ( x 0.
Moreover,~ is a morphismofhennitianringedspacesif all x~, q arereal.

Q.E.D. .

The proofcopiesthatof thetraditional theoremthatsupermanifoldmorphismsare

determinedby thecoordinatepuilbacks.Notethatthecondition(3.3.1)isnotan <<open>>
one: A priori, /3(x5)(p) E CEtm.

UsingtheLemmathefollowing isnothardto prove:
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COROLLARY. 3.3.1 Let thestructuresheafof theringedspace(3.1) be equippedwith

somehemiitianconjugationwhichturns it into asheafofheimftianalgebras. Then,with

thishennitianconjugation, (3.1)isactuallya hcn’nitiansupennanifold. Q.E.D. .

Thus,thereis no lossof generalityin taking thehermitianconjugation(1.3.1).

FromtheLemma,wealsogetthe descriptionof morphismsby coordinatechanges:

COROLLARY. 3.3.2Let U, Y beasabove.Givena sequence(z5l~~) ofevenandodd

realelementsof0(Y) suchthat(3.3.1)holds,thereis a uniquemorphism ~ : Y —s U
suchthat (x51e5) = ~i~(xl~). Q.E.D. .

We call a sequence(x~l~~)of evenand odd elementsof OR(U), U C X open,

a real coordinatesystemif U (as hermitianringedspace)is isomorphicto a hermitian

superdomainsuchthatunderthis isomorphism,(x’ he5) passesinto the standardcoor-
dinatesystem.

However, for studyingsupersymmetricfield theories,thefollowing notion is better

adapted:we call a sequenceof evenand odd elements(zIG) a chirai coordinatesys-

temif (xl Re (8), Im (0)) is a realcoordinatesystem. Obviously,chiral coordinate
systemsexistlocally iff theodd dimensionis anevennumber.

COROLLARY.3.3.3 Let Y, U beas above,andlet (zIG) bea chiraicoordinatesystem

on U. Givena sequence(x~l9~)ofevenandoddelementsof 0(Y) suchthatthe x,~

arerealand(3.3.1)holds, thereisa uniquemorphism~ : Y —-s U suchthat (f l°~)=

~~(xl0). Q.E.D. •

3.4. Classification

Let X be a hermitiansupermanifold, mm := dimX, and set b :=

where ~2 is the squareof ~I as ideal sheaf. Then c1 is a locally free hermitian

Ca°-modulesheafof rank 0 In . Hence,thesubsheal ‘R of real sectionsis a locally
free C°°-module sheafof rank 0!n, that is, it isthesectionsheafof arealvectorbundle.
Thehermitianversionof Batchelor’sClassificationTheoremis: thereexistsanisomor-
phismof hermitianalgebrasheaves0~ScI (symmetricpowerover C~ ). Hence,
hermitiansupermanifoldsareclassifiedby the samedata as traditional ones, namely by

real vector bundles. Nevertheless, a natural functor between both categories doesnot

seemto exist.

3.5. Linearhermitiansupermanifolds,supergroups,vectorbundles

Let V beareal Z
2 -gradedvectorspace,andlet V~beits complexificationviewed

as hermitianvectorspace.The linearhermitiansuperinanifoldL( V) associatedto V
hasunderlyingtopologicalspace V0 and structuresheafC~’® S~V~1.L(V) is the
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representing object for the cofunctor

{hermitian supermanifolds}—s {Sets},

Z i—s (0(Z) ® VC)OR.

L(End(V~)~)is therepresentingobjectfor thecofunctor

Z s—s EndQ(z)(0(Z) ®~

Of course,a hermitiansupergroupis a groupobjectin thecategoryof hermitiansuper-
manifolds.The prototypeof this is thegenerallinearhermitiansupergroupGL( V) ; it

representsthegroup-valuedcofunctor

Z i—s GL(0(Z) ® V11) := {invertible elementsof EndQ(Z)

(0(Z) ® V~)oR}

If dimV = (mln) then dimGL(V) = (m
2 + n2I2mn).

ConcerningtheconnectionsbetweenhermitiansupergroupsandhermitianLie super-

algebras,therearisesadelicatepoint: theLie superalgebrag of left invariantcomplex
vectorfields on a Lie supergroup,if equippedwith the hermitianstructureinducedby
theembeddingg C End(0(G)) (cf. also3.7. below),satisfiesthe law

(3.5.1) [u,v] = c(u,v)[ü,i)] = —[‘,ü]

andthusisnotahermitianLie superalgebra(althoughit isin accordancewith the second

signrule as well).

Thereappeartwo possiblewaysoutof thisdifficulty: Eitheronerejectsthedefinition
of 2.6 andusesinsteadLie superalgebraswith a hermitianconjugationwhich satisfies

(3.5.1),orone introducestheoppositehermitianstructureon ~ , i. e. interchangesreal

andimaginarypart:

u~:= —12.

Wewould like to pleadfor the secondpossibility. Both theoriesareobviously isomor-
phic; but thesecondoneis betteradaptedto the habitsof physicalliterature: the con-

jugation u u reflectstheconjugationof vectorfields only in a skewway, but,as
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shownin 2.6, it doesdirectly reflectoperatorconjugationin Hilbert statespacerepre-
sentationswhichoftenoccurin physics.In A 111.4of [4], thestructureconstantsC,~of

a finite-dimensionalLie algebraaredefinedby

(3.5.2) [X1,X1] = i

where X1,.. . , X,~= are the<<infinitesimal generltorss.The additional i in front of

thesumappearsalsoin almostanytextbookon quantumfield theorywhichgivesacrash

course in Lie theory, and it is causedby the wishto havethe X1 representedby self-
adjointoperatorsinunitaryrepresentationsof thecorrespondinggroup (recall that if the
groupappearsas symmetrygroupof a quantumtheorythentheseself-adjointoperators
describeconservedquantities).Without the i , (3.5.2)would describeanordinaryreal
Lie algebra~ . If wetakeit as it stands,and if we call the X. real then (3.5.2)de-
scribesinsteadthathermitianLie algebrawhich arisesfrom ~ by complexifying and
introducingtheoppositeof theobviousconjugation.

Also, the i occuringin thecoordinateform of theexponentialmap given in [4],

g(a1,... ,a~)= exp(i ~Xkak)

is causedby thesamereasons.Thus,physicistshavedefinitereasonsfor breakingwith
thetraditionsof mathematicalliteratureby calling realwhatamathematicianwould call

imaginary,and viceversa.
A vectorbundlesheafis a locally free sheafof hermitian 0-modules;this notion

takesover therole which is playedby locally free 0-modules (aliasgradedsection

modulesof vectorbundles,cf. [10]) in traditional supergeometry.

A vectorbundle E —-s X is definedas in the traditionalsituation(cf. [10])as bundle
with fibre L(RmI~~)and structuregroup GL(RmI?2) . Thenthe fibrewiselinearsuper-
functionson E form a vectorbundlesheafF

5(.,E) on B. Its dual I’( ., E) is the

associatedgradedsectionmoduleof E; and one recoversthe sheaf F(., E) of the
<<geometrical>>sectionsasthe even,realpartof L(., E)

As to be expected,onehas anequivalencebetweenthe category of vector bundles
and thecategoryof vectorbundlesheaves(morphismsin this categorybeingreal, even

0-modulehomomorphisms).

3.6. Thesupersymmetrygroup

TheLie superalgebraof simplesupersymmetry(cf. e. g. [16]) determinesa unique
connected,simply connectedhermitianLie supergroupwhichwe call the supersymmetry

group. In thefollowing, we describeits structurein brief, withoutanyproof. Formore
information,cf. [161.
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We start with the hermitianvectorspace V given by VOR := R
4, V

1 := ‘P ~

5’,’? := CE
2 . Let (~~)be the standardlinearcoordinatesystemon K4, andlet

(
9a) (c~= 1,2) be the standardcomplexlinear coordinatesystemon ‘P . Then

(z~IO~)isachiralcoordinatesystemonC : L(V).

REMARK. In thephysicalcontext, ‘P is the representationspaceof the fundamental

representationof SL(2, CE) . Moreover, ‘P ®4’ carriesanobvioushermitianstructure,
and V0 isnothingbuttherealpartof this. Physically, ‘P and ‘I’ arethespacesof left-

and right-handedspinors,respectively; V1 is the spaceof Dirac spinors,and V1 R is

thesubspaceof Majoranaspinors.Finally, V0 is theMinkowski space.

Let (yS ~) bethesamechiralcoordinatesystemonacopyof C. Then,theproduct
morphism m : C x C —s G is determinedby

m
5(x’~I0~)= (xM + yI~+ i0o~)— ii~cr’~IO~+

Thisformulais theusualonein physicalliterature,and,dueto theremarksabove,this
is a well-definedmorphism. The point is that onewould run into trouble if working
with thetraditionalcalculussincethenm( x’s) wouldnot bereal. If one triedto form

the connected,simply connectedLie supergroupbelongingto the Lie superalgebraof

N = 1 supersymmetryonewould getthesameformulaasabovebut without the i . A
physicistwould rejecttheemergingformula.

3.7. Vector fields,forms

A vectorfield on X is a derivationof Z
2 -graded algebrasheaves5 : 0 —s 0.

Analogouslyto the traditionalsituation,thevectorfields form a vectorbundlesheaf X

on X ; in accordancewith2.3,conjugationisgivenby8(u) = ~(c5,u)6(fi) for u E 0.
If (zIC) isacoordinatesystemon U then XI~hasthebase(ô/3xIô/~) . Notethat

while the 3/ax1 arereal,the 3/~9~,ar~imaginary(thisdoesnotviolate the signrules

since 3/3... is a usualbut somewhatabusivenotation,nota multilinearexpression).
Theexteriordifferential d: 0 —-s := IlHom0(X,0) isdefinedby(8,fldu) =

i6(u) for u E 0, 6 E X (cf. [10] for the traditional treatment).We introducedthe
additional i inordertoensurethat d = d isreal(otherwise,theusualrelationd = 8+3

on complexmanifoldswould haveto be modified). Since d is odd it follows that for
real u ~ 0, du is real and imaginaryif u is evenand odd,respectively.Thefurther

developmentofthetheoryof (pseudo-)differentialformsexactlyparallelsthetraditional
treatment.
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4. RELATION TO COMPLEX SUPERMANIFOLDS

4.1. Complexstructures

In anobvioussense,thematerialof 2.4carriesoverfrom modulesto moduleshcayes.
A vectorbundlesheafwhich is equippedwith a complcxstructureon it iscalleda com-

plexvectorbundleshca~theapparentlystrangeterminologyisjustified by the fa t that
in hermitiangeometry,thesestructuresplay the samerole as complexvectorbundles

in traditionalsupergeometryas well as innon-supergeometry.In accordanceto ti ie re-
marksin 2.4, for knowing a complexvectorbundlesheaf E of rank (2 rn12 n) it is

sufficientto know only the arising locally free 0-module sheaf B.5 of rank (~~mn)
and this may beprescribedarbitrarily. In fact, E÷is that sheafwith which one ould
describe a complex vector bundle in the traditional or classical situation.

If X is a hermitiansupermanifoldan almost complex structure on Xis a coi iplex

structureon ~ . Wecall thisa complexstructureif in\’olutivity holds in itsusual orm:
~ C L~�‘df~ . Wecall a hcrmitiansupermanifoldwhich is equippedwith a co’ plex
structurea complexsupermanifold.Wealso introducetheusualnotation(cf 2.4)

Sl,j~

REMARK. (1) In contrastto the traditional setting, the ~ ‘1 arc not vectorb indle
sheavesin itself. A similar remark also appliesto RC andCR structures(cf. [11],

[12]) on supermanifolds.As far as I know, this is the only significantinstance here
somethinggoesin traditionalsupergeometrybutnot in thehermitiansetting.

(2) Thetheoryof complexmanifoldsperse(i.e. of ringedspaceslocally isomorphic

to (U,A[(1,...,ç]),U C CE
tm open,A is thesheafof holomorphicfunctionson U)

remainsunchanged.Indeed,hermitian conjugation makes analytic things antianalytic,
andthushasnoplacewithin theanalyticrealm.Whatchanges(butonly indetails)is the

relationof complexmanifold to their underlying realsupermanifolds:every complex
manifold in thesenseabovedeterminesanunderlyingtraditionalrealsupermanifold (cf.
[11])aswell asanunderlyinghermitiansupermanifold,andit isthe relationto the latter
onewearegoingto describein the following.

Thefollowingmaterialexactlyparallelsthe traditionaltreatment(cf. [11]): givenan

almostcomplexsupermanifoldX , oneintroducesoperators0, 8 by

0 : L~ ç~~+j+ 1 projection ~+

0 : ~ ~i+j+1 projection
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By linearity, theyextendonto ~ := ~k>0 ~ It, and wehave

(4.1.2) = (—1)1~’13w for wE L~1

Indeed,usingthat d is realwe find for w E ü

&= (d~~ =

= (—1)~kdw)
1+11= (—1)~

10w.

Thus, 8 is indeedthe hermitianconjugatedoperatorto 8, as the notationsuggests.

By type comparison,0 and 5 are odd derivationsof thesheafof Z
2 -commutative

algebras~.

Warning. if a non-supercomplexmanifold is to beconsideredassupermanifold,one
hasto becareful: in form degrees4k + 2, 4 k+ 3 , hermitianconjugationdiffers from

usualcomplexconjugationby a minus sign. This is the sourcefor the signin (4.1.2),
which in theusualnon-supertreatmentwithordinarycomplexconjugationis absent.

Now agivenalmostcomplexstructureis involutive if 0+ 8 = d. If this is satisfied

then 0, 3, and d commute(in theLie superalgebraof endomorphismsof (i).

Thesuperversionof the Newlander-Nirenbergholds(cf. [11] for the proof in the
traditionalsituation; it carriesoverto thehermitianone). That is, given a complexsu-
permanifold,thereexistslocally alwaysa sequence(zI() of sectionsof 0 suchthat

(1) (z,v~,’i) := (Re (z), Im (z)IRe (c), Im ()) is a local real coordinate
System,and(2) s~z~= = 0 for all i,j.

We thencall (zIC) an analyticcoordinatesystem.As in the traditional setting,we
have

~= ~d21O/&;+ ~

= (0/0x~+~cT0/0~1)/2,
= (a/oef+ v’~T0/8ii1)/2,

andthesheafof holomorphicsuperfunctionsA : = Ker{ ~: 0 —s ~ 0,1 } is asubalgebra
sheafof 0. In local coordinates,

A = {f(z,() = >~f~(z)(~ f~(z)holomorphic}.

Note,however,that A is nota sheafof hermitianvectorspaces.In fact, its intersection

with itsconjugateA = Ker{0: 0 —s ~10 } (sheafof antiholomorphicsuperfunction.s)

consistsof constantsonly. Notealsothat while in thetraditionalsituationthemap A —+

A, f i—s J,was anisomorphism,it is now an antiisomorphism: fg = = ~(f,g)f~’.
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4.2. a-connections

Let X be a fixed complexsupermanifold,B a complexvectorbundlesheaf. A

5-connection~ on B is anodd mapof sheavesof vectorspaces

V: E~—s E~®

(notethedifferenceascomparedtothe traditionalcasein thedomainof definition)which
satisfiesthe usualLeibniz rule: ~‘(eu) = V(e)u + (_l)HeSu for e E E,u E 0.
Quiteanalogousto theclassicalcase,V determineshighercovariantderivativesV3

E~® ~0j —s E~® ~0j+1 anda curvatureR := V’V: E~—, Ei- ® ç~°~2whichis
an 0-linearmap.For R = 0, ‘~7is calledflat.

Now let Fe,, be a locally free A-module of rank mm. We associatewith F,~

a hermitian 0-moduleF := Fan ® 0 ~ F~
0® 0 (here F~® 0 is the <<exterior>>

conjugateof F~® 0, cf. 2.4); conjugationacts as the notationsuggests.Then F
is locally free of rank 2 mj2 n, and it carriesa canonicalcomplexstructuregivenby

F~= F~® 0. Moreover, F carriesa unique 5-connection S (usualnotation)which
annihilatesthe subsheafF~. In fact, 5 is fiat, and its kernelis exactly Fan . The

passagefrom F~ to F correspondsto the traditionalfactthatanyholomorphicvector
bundlecanbeviewedas arealvectorbundleof doubledrank. The<<doubling>>of degrees
of freedomlooks somewhatbewildering. However,we shallseebelow,whentreating
tangentbundles,thatit makesits appearancein animplicite wayalreadyontheclassical

level.
Let Ean, F~belocally free A-modules.Thenwe havecanonicalisomorphisms

(cf. 2.4 for thenotations)

Ban® F~= (E®0~F)~,,, S~Ean (S~,jE)an,

HomA(E~,,,Fan) = HomAJ(E,~ Ean* = (E*)~.

This justifiesthesettingsof 2.4.
As in thetraditionalsituation (cf. [11]), the assignmentE,~s—s (B,J,5) canbe

inverted:

THEOREM.Letbegivena complexvectorbundle E anda flat S-connectionV onit.

Then E~:= Ker(V) (sheafanalyticsectionsof B) is alocally free A-module,and

thearising map Es,, ® 0 —s E~is isomorphic. Q.E.D. .

Forexample, S : ~�~‘° —s ~ = ~ 2,0 ® ~ 0,1 is a flat 5-connectionon ~ 1 =

~ $0 ~ 01; its kernel ~ is thesheafof analytic i-forms.

Byduality,wegetacomplexstructureaswell asa flat 3-connectionon X. If (a Jo
is an analyticcoordinatesystemthen (8/t9zJO/t9() is a baseof the A-module sheaf

of analytic vectorfields ~
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4.3. Hermitianmetrics

Let B be a complexvectorbundlesheafon ahermitiansupermanifoldX. A her-

mitianmetricon E is an 0-bilinearevenmap

(4.3.1) g:E_®E~—s0

which moreoversatisfiesfor all e,I E E
9

(1) g(~,f)= g(J,e) ,i. e. g is real;

(2) The arising 0-homomorphismg’ : & —s E~,~ i—s g(e,.) , of E_ into the

dualof E~is an isomorphism;
(3) ~3(g(ë,e)) � 0 for e E E~,i.e. g ispositivedefinite
(werecall that /3 is thepullback from superfunctionsto functionsontheunderlying

manifold). Notethat by (1), /3(g(e,e)) is real-valued,andthus(3) makessense.The
readerwill notethatourtreatmentclosely follows thatof 2.5.

Let E~:= E~®~,C~’, and let B.,. —s E9, e i—s ~ bethecanonicalprojection. It is

knownthatthis is surjectiveonthelevelof global sections(cf. [101,7.9).Now any map
(4.3.1)gives riseto a skew-linearform on

(4.3.2) g : E_ ® E.,. —sO, (ê,J) s—s /3(g(è,f))

and,by [10~l,Cor. 7.8, the requirement(2) is equivalentwith the arising C~-homo—

morphism~ : E_ —. E, ~ i—s /3(g(ë,.)) , being an isomorphism.This is in turn
equivalentwith sayingthat (4.3.2) isnon-degenerate.

In particular, if g is a hermitianmetric then (4.3.2) is a hermitianmetric on E.,.
in theusual sense.It alsofollows easily,usinga partition of unity argument,that any

complexvectorbundlecanbeequippedwith a hermitianmetric. Also, therestrictionof
ahermitianmetricontoa complexsubbundle(with anobviousdefinitionof this notion)
is a hermitianmetricon the latter, too.

Givena hermitianmetric g onthecomplexvectorbundle E wemayconstructtwo
bilinearmaps

~ E®E —sO,

g~(a+6,c+ ~ := ~(g(~,c) +

g(a+ ~,c+ ~):= ~-(g(b,c) — c(d,a)g(d,a))

for a, b, c, d E E~. Thefollowing assertionsfollow by directcomputation:If weequip
B® B with thetensorproducthermitianstructurethenbothg÷and g arereal;while

~+ is Z2 symmetric, g_ is Z2 -alternating,and the identity

—g~(Je,Jf)=g~(e,f) g~(e,Jf) = gT(Je,f)
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holdsfor all e,f E B. As it will becomeclearbelow,oneshouldview g,. and g_ as

hermitiananalogaof the usual <<real>>and<<imaginarypart* of themetric.
Indeed,let g beahermitianmetricon X. As in the classicalcase, g determinesa

fundamentalform w E (~ which is characterized(cf. [10], 8.9 andProp. 7.43.2)by

i~i~(w) =

for ~, v~E X. ( i~is the interior derivative.Thesignfactormakestheright-handside
Z2-symmetricin H~,H’i ; otherwise,the definition would not be correct.) Since

gj~,~)O whenever~,i~EX9or~,i~EX_,wehave

wE

asto be expected.
If e

1,... ,em9” isabasisof~“° whichisleftdualtoaunitarybasisofX (cf. 4.4)
thenoneeasily computes

w = ‘~
For n= 0 werecovertheclassicalformula. Notethat w is imaginary(recallthatif we

viewa manifold ashermitiansupermanifoldthenhermitianconjugationontwo formsis
theoppositeoftraditionalconjugation;thus,thereisno contradictionto classicaltheory).

4.4. Unitary bases

Assumethat the 0-moduleB~hasthe basis (e) = (e
1,... ,ek.,.j) , andchoose

elementsg,, E 0. Thenthesetting

g(ç,e3) :=

defines a hermitian metric on B if = for all i, 5 (no sign). In particular, the

setting

(4.4.1) g(E,e,) :=

definesahermitianmetricon B. Explicitely,

g(>ejv;,>~etwt) =

Conversely:
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PROPOSmON.Given a complex vector bundle with hermitianmetric, thereexistsJo-

cattyalwaysa unitary basis, i.e. a basis (e) of B9 which satisfies (4.4.1). In fact, any
unitarybasis~i’~~•’~m+n of E canbeliftedtoaunitarybasis el,...,em+n.

Proof Byourremarksabove,wecanlift ~,... ~ toasequencee~,...~ E

B.,.. We apply Gram-Schmidtorthogonalizationontothis sequence:If e1,.. . , e~are
alreadyconstructedset e” := e~91— ~ e$g(ë~,ë~~1),f := g(~’

1,e”)E 0. Then
/3(f) = 1 , andhence,by the ~<functionalcalculus>>(cf. [10], 3.5), f_112 E 0 is well-

defined. Set et+1 := f~/2e” . Thenthe elementse
1,.. . ,ek+1 satisfy (4.4.1). By

induction,oneeasilyhas (,) = ~, for all i ,justifying thenotation. By [10], Cor.7.8,

thesequencee1,... , e,,90 is indeedabasisof B.,. . Q.E.D. .

Let B, F becomplexvectorbundleswith hermitianmetrics
9E’ 9F~Thecomposite

isahermitianmetriconB®
5F (cf. 2.4). For e,e’ E B.,., f,f’ E F.,. wehaveg(e®f,

e’ ® f’) = (_1)(I±
1ehl)LIIQE(ë,e’)gF(f,fl). If (e

1) , (f3) are unitarybasesof B.,.

F9 ,respectively,then (e1 0 f3) is a unitarybaseof (B ®~F).,.

Also, H B carriesa hermitianmetric g(TI~,hf) := g(e,f); (H e$) is a unitary

basisof it.
Onecanalsointroduceahermitianmetricon S~B:theisomorphismg’ of 4.3gives

rise to an isomorphism SkgI : SkB.,SIt(B~)= (S~~B+)*(cf. [10), Prop. 7.46), and

we mayset

g(~,u):= Skgl(j.A)(u).

Thus,aunitarybaseof SJkE isgivenby all monomials

(pt’) ,, . Pt p,, t’1 ‘5. /

e ~ .—e1 ~

with ~i E Z ~, v E Z ~, pJ + I uJ = k (this stronglyremindsof theusualbasisin Fock
space,andthis isof courseno accident).

Let ustry to equip thedual bundle E* with a hermitianmetric. g inducesaniso-

morphism

E.,. —s B*, g”(e)(f) = �(e,f)g(f,e).

Thedirectsumof g” and g’ is an isomorphism

h : B —s B* = E ~
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which, however,anticommuteswith thecomplexstructures.We try to carryoverthe
hermitianmetriconto B:

g(h(e),h(J)) :=c(e,f)g(f,e).

Thus, g(h(e
1), h(~7)):= (— l)Ie.f~~1.Unfortunately, the sign spoils the positive defi-

niteness,and,asfar as I know, no redefinitioncanremoveit. It seemsimpossibletoequip

B* with an invariantlydefinedhermitianmetric (this is embarassing since it makes the
notion<<Kählersupermanifold>>ambiguous:should we takea hermitianmetric on ~

oron X ?).

4.5. Theassociatedconnection

A connectiononavectorbundle sheafB is a real, odd map V : B —s B® ~

which satisfiestheusualLeibniz rule:

(4.5.1) V(eu) = V(e)u+ (—l)
1~edu

for e E B, U E 0. V determineshighercovariantderivatives V~: B ®

E®.Q”~’ for all i � 0 anda curvatureR := V1V E End(B) ®~2 (cf. [11] for the
classicaltreatment).Oneeasily checksthat the V~are realwhile R is imaginary(this
apparentlycontradictstheclassicltheory; but recall that hermitianconjugationon ~ 2

is theoppositeof traditional conjugation).Given a realbasee
1, . .. , e,~.,.,,of B and

forms w,~E ~ 1 , thesetting

Ve1 = w~e,

determinesaconnectionon B iff

(4.5.1) = ( I) e~T+kjIIej~~

for all i,5 (hereand in the following, we use the summationconvention;note that
indicesappearingin the exponentsof signfactors generateno extra summation). In

particular,if all e- areeventhenall haveto bereal, as in theclassicaltheory.
As to beexpected,onehas:

PRoPosmoN.Let B be a complexvectorbundlesheafwhichis equippedwith a flat

S-connectionS andahennitianmetric g. Thereexistsa uniqueconnectionV on B
such thatfor e,f E B9 wehave

(Ve)0 1 = Se,
(4.5.2) ,

dg(~,f) (_l)IdI(g(Ve,f) + g(e,Vf))
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(thedefinitionof the termson the r. h. s. isobvious).

Proof Supposethat V exists,and set V10e := Ve — Se for e E E9. Taking the
0, 1-part in (4.5.2)wefind

Sg(ê,f) = (—1)kl(g(Vioe,f) + g(eSf))

i.e.

g(V10e,f)=F(ë,f),
(4.5.3)

F(ë,f) :=(_1)IelOg(e,f) —g(e,Of)

Thisbeingtruefor all f E E9, V10 e isuniquelydetermined,and,usingalsothereality

of V , theuniquenessassertionfollows. Turningto existencewefirst notethatfor fixed
e E E9, F(ê,.) is 0-linear: for u ED, wehave

F(e,fu) = (_1)IeIS(g(e,f)u) — g(ë,bf)u — (—1)LI’Ig(e,f)Su

_—(_1)HSg(e,f)u_g(e,Sf)u= FCe,f)u.

Thereforeit determinesa homomorphismF(ë,.) : B9 —s 1~°”, and hencethereis a

unique element V1,0e satisfying (4.5.3) for all f.
Thuswehaveawell-definedmap V10 : B9 —s B9 ® ~11,0 Moreover,

g(V10(eu),f) = F(~ii,f) = (_1)I”H~S(ug(e,f))— ug(e,Sf)

= (_l)IdIOt&g(é, f) + (_l)IeIiSg(ë, f) — flg(ë, Sf)

= (—1) t1tb+~IIeIg(ê 0 Ou, f) + flF( ë, f)

= g((—1)
t~e0 Ou + (V

10e)u,f),

andhence

(4.5.4) V10(eu) = (_1)ldIe®8u+ (V10e)u.

ThereforeV := V1,0 +5: B9 —sE9® satisfiestheLeibnizrule (4.5.1).Extending

it onto B by setting Vë := (—1) ~ weget theconnectionV wanted. Q.E.D. .

Let e1,... , be a holomorphicbaseof B9. Let g(~, e3) = g,,, and let (g~~~)
betheinversematrix: ~ = 6~.Thus, g(E~,ekgki) = . Hence,using(4.5.4),

F(ekgki,e,)= 0, Vlo(ekg~)= 0

Ve, = V1,0e1= VI,o(ekh’”h,~.)= (_l)IekkIhkIekhktOh;.,.
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Thus,thefinal resultis:

Ve3 = (_1)I~Ie~gk1~g$J

The curvatureis givenby

Re,= VVe, (_1)kI~
1e~Iet5g!~8gjj

Hence

REE®~”1.

If westart with a unitary basee
1,... , e~9~insteadof a holomorphicone,andif Se

1=

w~e
1with w1, E üo’

1 , we find

Ve
1 = (w1~+

4.6. Concludingremarks

(1) As wejustsaw,thatclassicalmaterialwhichis algebraicin its verynaturecarries

overto the super-situation.On theotherhand, it is not so clearhow to defineKäbler
supermanifoldsproperly (shouldwe takea hermitianmetric on the tangentor on the
cotangentbundle?),and whatthesearegood for. In particular,doesthereexist a super

Hodgetheory,andwhatareits mainTheorems?Theessentialingredientof Hodgetheory
onclassicalKählermanifoldsis posit] vity, andthis notion makes genuine difficulties in
the super context. Certainly, the passing to the hermitian setting is a step in the right

direction, asthe consistencyof thenotion <<superHilbert space>> shows. But, may be,

it is only a steptowardsthe wall which separatessupermanifoldsfrom therealmof

classicalHodgetheory.
Thesourceof the trouble isthat onemissesa scalarproducton superfunctionswhich

is both invariantandpositivedefinite: onecanassociatewith p an invariantvolume
form ~, andthe resultingscalarproduct (u,v) i—s f üv~on functions has the right
symmetry properties but it is notpositivedefinite.

Also, it is not yet clearwhat the supervariants of the Theorems of classical Hodge
theory are. For instance, while on a compact Kähler manifold every holomorphic form

is closed,this is certainlyfalsein the supercase(look at L( C°I~))

If an interesting super Hodge theory exists it is clear from the observations above that
it cannotbe a simplevariantof classicalHodgetheory.

(2) Ontheotherhand,I conjectthat if V is a Kählerpotential(i.e. ÔSV= w ) then

(4.6.1) (fl,v) ~fuvexp(iV)~
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is positivedefinite aslong as U, V are analyticsuperfunctions(thiswould generalize

thefermionic variantof the Bargman-Fockconstruction;cf. [1]). Forglobalizingthis,

oneshouldtake U, V to beanalyticsectionsof aline bundlewith hermitianmetricthe
curvatureof which is exactlythe fundamentalform w. Thenwe are in the realmof
geometricquantization.The difficulty, however,is to give (4.6.1) a precisemeaning:

a priori, integralsovervolume forms are definedonly for compactsupport,which is
incompatiblewith U, V beinganalytic.

(3) Resuming,let uslist someitemsof thedictionarybetweenthe notionsof tradi-
tionalsupérgeometryand thehermitianlanguage:

TraditionalNotion HermitianPendant

real Z
2 -gradedv.s. R”~’ hennitianv.s. a: “~“

with componentwiseconjugation
complex Z2 -gradedv.s. hermitianv.s. with complex structure
(jm)n (fmln OR a: , with complexvector

spacestructuredefinedby first factor,
J actsas i on second factor

Z2 -gradedR-algebra Z2 -graded hermitianalgebra
moduleover it hermjtianmoduleoverit
Z2 -graded(F -algebra - remains-

realLie superalgebra hermitian Lie superalgebra
complexLie superalgebra - remains-

(no pendant) superHubertspace

superdomain/srnf hermitiansuperdornainjsmf
linearsupe~spaceL(V) L(V) (cf. 3.5)
locally free 0-module hermitian locally freemodule

(= vectorbundle sheaf)
®, Horn, Sk, (.), H for these samewith induced hermitian structure

connections - sametreatment-

locally free Oir -module hermitianI. f. module
with complexstructure

(= complexvectorbundlesheaf)
tomplex ® Horn Sk,(.).H forthese ®j, HomjS~,(.)’,fl
complexconjugatedbundle E E with oppositecomplexstructure

complexsmf’sperse(cf. 4.1) - remain-

complex structureson smf’s -essentially sametreatment -

5-connections 8: E —s E® 8-connections 8: E+ —* E÷® ç~O,1

extensionof scalarsF := F,.,, ® 0~ F := F,.,, ® 0 e F,.,, ® 0 (cf. 4.2)

(couldbedefined,too) hermitianmetrics
realandimaginarypartof these bilinearforms g÷,
(couldbedefined,too) associated connection
(no pendant) unitary bases
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